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Abstract. Relaxedbalancing means that, in a dictionary stored as a balanced tree, the
necessary rebalancing after updates may be delayed. This is in contrast tostrict balancing
meaning that rebalancing is performed immediately after the update. Relaxed balancing
is important for efficiency in highly dynamic applications where updates can occur in
bursts. The rebalancing tasks can be performed gradually after all urgent updates, allow-
ing the concurrent use of the dictionary even though the underlying tree structure is not
completely in balance. In this paper we propose a new scheme of how to make known
rebalancing techniques relaxed in an efficient way. The idea is applied to the red-black
trees, but can be applied to any class of balanced trees. The key idea is to accumulate
insertions and deletions such that they can be settled in arbitrary order using the same
rebalancing operations as for standard balanced search trees. As a result it can be shown
that the number of needed rebalancing operations known from the strict balancing scheme
carry over to relaxed balancing.

1 Introduction

A dictionaryis a scheme for storing a set of data such that the operationssearch, insert,
anddeletecan be carried out efficiently. Standard implementations of dictionaries us-
ing balanced search trees like red-black trees, AVL-trees, half-balanced trees, and others
presuppose that each update operation is followed by a sequence of rebalancing steps
which restore the respective balance condition. Maintaining the balance conditions as-
sures that the trees cannot degenerate into linear lists and search and update operations
can be performed in a number of steps which is always logarithmic in the number of
keys stored in a tree.

In a concurrent environment, however, uncoupling the updating (insertion and dele-
tion) from the rebalancing transformations may increase the possible amount of concur-
rency and speed up updates considerably. This leads to the notion ofrelaxed balance.
Instead of requiring that the balance condition is restored immediately after each up-
date operation the actual rebalancing transformations can be delayed arbitrarily and
interleaved freely with search and update operations.

Relaxed balancing was first suggested in [8] for red-black trees. The first actual
solution, presented by Kessels [10], is for relaxed balancing in AVL-trees [1] where
the allowed updates are only insertions. Nurmi et al. [14] extend the work of Kessels
to the general case in which deletions are also allowed. In [11] the solution of [14]
is analyzed, and it is shown that for each update operation in a tree with maximum



sizen, O(log n) new rebalancing operations are needed. Relaxed balanced B-trees are
introduced in [14] and further analyzed in [12]. In [13] Nurmi and Soisalon-Soininen
propose a relaxed version of red-black trees which they call achromatic tree. Boyar
and Larsen [5] analyze the proposal of [13] and show that after a minor modification
the number of rebalancing operations per update isO(log(n+i)), if i insertions are per-
formed on a tree which initially containsn leaves. Boyar et al. [3] prove for a slightly
modified set of rebalancing operations that only an amortized constant amount of re-
balancing is necessary after an update in a chromatic tree. In [21] Soisalon-Soininen
and Widmayer propose a relaxed version of AVL-trees which fulfills, despite the local
nature of its operations, some global properties. For example, they show that in their
solution no rotation will be performed if the underlying search tree happens to fulfill
the AVL tree balance condition before any rebalancing has been done.

Except for the recent paper [21], all previous solutions are not wholly based on the
standard balancing transformations but require a large number of different new trans-
formations.

In this paper we propose a new technique of how to make known rebalancing algo-
rithms relaxed in an efficient way. We show that essentially the same set of rebalancing
transformations as used in the strict case can also be used for the relaxed case, and that
the number of needed rebalancing operations known from the strict balancing scheme
carry over to relaxed balancing.

In order to illustrate the key ideas and to clarify the ideas underlying our solution as
much as possible, we restrict ourselves to the case of red-black trees. But we emphasize
that the ideas of marking items for deletions, allowing trees to grow randomly below the
balanced part, and to settle accumulated update and rebalancing requests in top-down
manner using the standard rebalancing operations carry over to many other classes of
search trees as well. The aim of our proposal is to extend the constant-linkage-cost
update algorithm for red-black trees [19] in such a way that updates and local structural
changes are uncoupled and may be arbitrarily delayed and interleaved. A key idea in our
solution is the assumption that the deletion of a key in a tree leads to aremoval request
only; the actual removal of a leaf is considered to be a part of the structural change
to restore the balance condition. In this way we put completely aside the problem of
deletion which has complicated the previous solutions of relaxed balancing.

2 Red-black trees

The trees in this paper are leaf-oriented binary search trees, which are full binary trees
(each node has either two or no children). The nullary nodes of a tree are called the
external nodes or leaves while the other nodes are said to be internal nodes. We assume
that the keys (chosen from a totally ordered universe) are stored in the leaves of the
binary tree. The internal nodes contain routers, which guide the search from the root to
a leaf.

For simplicity, we do not distinguish between search trees with stored items (in
left-to-right order at the leaves) and their underlying graph structure.

A binary search tree isbalancedif its height is bounded byO(logN), whereN is
the number of keys stored in the tree.



In the following we consider the variant of red-black trees proposed by Sarnak and
Tarjan [19]. The nodes of the tree are coloured red or black, respectively. As the balance
condition it is required that

1. each search path from the root to a leaf consists of the same number of black nodes,
2. each red node (except for the root) has a black parent, and
3. all leaves are black.

We give now a short review of the update algorithms for strictly balanced red-black
trees. Then we will explain in Section 3 how to realize relaxed balancing by using the
same rebalancing transformations.

The rebalancing transformations of red-black trees need only a constant number of
structural changes (at most two rotations or a rotation plus a double rotation) to restore
the balance condition after an update operation.

2.1 Insertions

In order to insert a new keyx into a strictly balanced red-black tree we first locate its
position among the leaves and replace the leaf by an internal red node with two black
leaves. The two leaves now store the old key (where the search ended) and the new key
x.

(b)(a)

Fig. 1. Insertion of a new item and call of the rebalancing procedureup-in (denoted by
“"”). Filled nodes denote black nodes and nodes without fill denote red nodes.

If the parent of the new internal nodep is red (as well asp itself) then the resulting
tree is no longer a red-black tree. In order to correct this and to restore the balance
condition we call the rebalancing procedureup-in for the new inner nodep, cf. Figure
1.

Whenever the rebalancing procedureup-in is called for a nodep thenp is a red node.
Note that ifp's parent is red as well then the grandparent ofp must be black (if it exists).
The task of the rebalancing procedure is to achieve thatp obtains a black parent while
the number of black nodes on any search path from the root to a leaf is not changed.
For this theup-in procedure flips the colours of some nodes in the immediate vicinity
abovep and

1. either performs a structural change (at most one rotation or double rotation) involv-
ing a few nodes occuring in the immediate vicinity abovep in order to restore the
balance condition and stops, cf. Figure 2a–d,



2. or (exclusively) calls itself recursively forp's grandparent and performs no struc-
tural change at all, cf. Figure 2e.
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Fig. 2.Local structural changes by the rebalancing procedureup-in

For a nodep with an up-in request Case 2 above applies if and only ifp's parent and
the sibling ofp's parent are both red.

2.2 Deletions

In order to delete a key from a strictly balanced red-black tree, we first locate the leaf
where the key is stored and then remove the leaf together with its parent. (Note that
the balance condition implies that the remaining sibling of the leaf is either a leaf as
well or a red node which has two leaves as its children.) If the removed parent was
black then the red-black tree structure is now violated. It can be restored easily if the
remaining node is red (change its colour). Otherwise, the removal leads to the call of
the rebalancing procedureup-outfor the remaining leaf, cf. Figure 3.

Whenever the rebalancing procedureup-outis called for a nodep thenp is a black
node and each search path to a leaf of the subtree with rootp has one black node too few.
The task of the procedureup-out is to increase the black height of the subtree rooted
at p by one. In order to achieve this theup-outprocedure changes the colours of some
nodes in the immediate vicinity beside and abovep and
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Fig. 3. Deletion of an item (marked by “�”) and call of the rebalancing procedure
up-out (denoted by “#”)

1. either performs a structural change (at most two rotations or a rotation plus a double
rotation) involving a few nodes occuring in the immediate vicinity beside and above
p in order to restore the balance condition and stops, cf. Figure 4a–d,

2. or (exclusively) calls itself recursively forp's parent and performs no structural
change at all, cf. Figure 4e.
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Fig. 4. Local structural changes by the rebalancing procedureup-out. Half filled nodes
denote nodes that are either black or red.

For a nodep with an up-out request Case 2 above applies if and only ifp's parent,
p's sibling, and both children ofp's sibling are all black.



3 Relaxed balancing

In this section we show how to realize relaxed balancing by using the same rebalancing
transformations as in the case of strict balancing.

We first uncouple the real insert and delete operations (i.e. searching of a leaf and
the insertion or removal of an item, respectively) from the rebalancing proceduresup-in
andup-out. Instead of calling the rebalancing procedure immediately after the update
operation we only deposit anup-in request“"” or an up-out request“#”, respectively,
at the corresponding node as shown in Section 2 and do nothing.

In relaxed balancing we allow to interrupt the restructuring procedure after each
single restructuring step. We also allow to carry out several of single restructuring steps
concurrently at different locations in the tree. The only requirement will be that no two
of them interfere at the same location. In order to make this more precise we first specify
what we mean by a one-step restructuring at a nodepwith an up-in or an up-out request:
To handle such a request means either to settle it by a local structural change and halt, as
shown in Figure 2a–d (Figure 4a–d), or to shift the request to the grandparent (parent)
and handle it at a later time, as shown in Figure 2e (Figure 4e).

Now we define a relaxed balanced red-black tree as follows.
A relaxed balanced red-black treeis a full binary tree with red and black nodes

where the red nodes may have up-in requests, the black nodes may have up-out requests,
and as the relaxed condition it is required that

1. For each search path from the root to a leaf, the sum of the number of black nodes
plus the number of up-out requests is the same,

2. each red node (except for the root) has either a black parent or an up-in request, and
3. all leaves are black.

The idea here is that each one-step rebalancing operation keeps the tree as a relaxed
balanced red-black tree, and gradually transforms it towards a red-black tree. As we
will see in the case of accumulated insertions the relaxed balance condition can be
guaranteed very easily. But in the case of accumulated deletions we run into many
problems if we allow that arbitrary leaves can be removed together with their (possibly
black) parents. (Recall that the rebalancing procedureup-outincreases the black height
of a subtree rooted at a black node with an up-out request only by one.)

This leads to the simple but crucial idea of our balancing scheme. Instead of re-
moving a leaf together with its parent immediately after locating it among the leaves
we only deposit aremoval request“�” at that leaf. That is, the leaf is not physically
removed but only marked to be deleted later after eventually conflicting up-in or up-
out requests have bubbled up in the tree. The actual removal is considered to be part
of the rebalancing transformation. To handle such a removal request is only allowed if
thereby the relaxed balance condition is not violated. Therefore, we may have to handle
or bubble up conflicting requests first, before we can actually remove the leaf with the
removal request.

It should now be obvious how to settle a removal request. If the removal request
applies to a leaf which has a red parent or a red sibling it can easily be settled (remove
the leaf together with its parent and, if necessary, colour the sibling black). Otherwise,
the removal of the leaf leads to an up-out request. This is as depicted in Figure 3.



3.1 Interleaving updates

As we have seen, a single insertion replaces a leaf by a red node with two leaves as its
children and may lead to an up-in request for the new red node. Now observe that we
can do the same also in the case when an (accumulated) insertion falls into a leaf which
has a red parent with an up-in request as the result of a previous insertion. In this way,
a sequence of insertions may lead to a growth below the red-black tree as in the case of
natural (unbalanced) binary search trees. Each of the newly created internal nodes with
a red parent has an up-in request attached to it.

If an insertion falls into a leaf which has a removal request and/or an up-out request,
then if the leaf has a removal request abandon the removal request and (re-)insert the
key at that leaf. Otherwise, if the leaf has an up-out request remove the up-out request
and replace the leaf by an internal black node with two leaves.

Several deletions can be accumulated by depositing a removal request at a leaf for
each single deletion. Only if a deletion falls into a leaf which has a red parent with an
up-in request as the result of a previous insertion then we delete the leaf immediately
and abandon the up-in request.

3.2 Concurrent handling of rebalancing transformations

First we observe that several removal requests can be settled concurrently in an arbitrary
order as long as it is assured that no two of them interfere at the same nodes. So, a
removal request for a node which itself or the parent of which has an up-out request—as
the result of a previously settled removal request—cannot be handled before the up-out
request has been settled or bubbled up in the tree. This assumption assures that two
removal requests appended to both leaves of a black node are always handled correctly.

Analogously, if the sibling of a leaf with a removal request has an up-in request then
the up-in request must be settled or bubbled up in the tree before the removal request
can be handled.

Now observe that several up-in and up-out requests can also be settled concurrently
in an arbitrary order as long as it is assured that no two of them interfere at the same
nodes. If we assure that a request is never shifted into the (large enough) surrounding
area of another request, it is always possible to carry out the one-step rebalancing oper-
ations correctly. If a transformation shifts a request to an ancestor node occurring in the
surrounding area of another request, this transformation cannot be carried out before
the other request has been settled or bubbled up in the tree. That means, the conflict of
two requests can simply be avoided by handling requests in top-down manner if they
would meet in the same area, otherwise, in arbitrary order. There is always a request
that can be carried out, since the topmost of those requests can be settled without any
interference of the other ones.

In this way we get a simple algorithm for relaxed balancing by expanding the stan-
dard balancing technique. Now we show how to tune this algorithm for relaxed balanced
red-black trees by choosing the surrounding area as small as possible. As result we will
obtain the rebalancing transformations for chromatic trees proposed by Boyar et al. [3].

Let thevicinity of an up-in or an up-out request of a nodep denote the set of neigh-
bouring nodes the colours of which have to be changed or which will obtain new sub-
trees by the transformation explained in Section 2 that settles the request ofp. (Note



that in accordance with our definition nodes that must be considered in order to decide
which kind of transformation applies, but which are not affected by the transformation
itself, do not lie in the vicinity ofp's request.) A request of a nodep is in conflict with
a request of a nodeq if q lies in the vicinity ofp's request.

Obviously, the rebalancing transformations for red-black trees have the following
properties:

Fact 1 The vicinity of an up-in or an up-out request of a nodep never contains nodes
of the subtree rooted atp.

Fact 2 For each nodeq occuring in the vicinity of an up-in request of a nodep,depth(q) <
depth(p). Furthermore, ifq is black thenq must bep's grandparent.

Our aim is to show that for each given relaxed balanced red-black tree which con-
tains up-in or up-out requests there is always a request that is not in conflict with other
requests so that at least one rebalancing transformation can be carried out. We want to
show that if a request of a nodep is in conflict with other requests then at least one of
these other requests is not in conflict with the request ofp.

From Fact 1 and Fact 2 it follows

Fact 3 If an up-in or up-out request of a nodep is in conflict with a an up-in or up-out
request of a nodeq anddepth(q) < depth(p) then theq's request is not in conflict with
the request ofp.

Fact 4 If a request of a nodep is in conflict with a request of a nodeq anddepth(q) =
depth(p) thenp has an up-out request. Furthermore, ifq has an up-in request thenq's
request is not in conflict with the request ofp.

Fact 5 Assume that a request of a nodep is in conflict with a a request of a nodeq,
depth(q) > depth(p), and there is no other request inp's vicinity with smaller depth
thanq. If q has an up-in request, then the request ofq is not in conflict with any other
requests.

p pp
(b)

p
(a)

(c)

finish!

finish!
rotation

Fig. 5.Additional transformations.



Observe that two up-out requests of sibling nodes are in conflict with each other
meaning that we cannot settle one of the requests by using the restructuringup-out
without any interference of the other one. However, this problem can be solved by
using the simple transformation shown in Figure 5a,b. If the parentp of those nodes
is red then we colourp black and remove the up-out requests from both children ofp.
Otherwise, we replace the up-out requests ofp's children by an up-out request forp
(recursive shift). As the result of this transformation we have abandoned at least one
up-out request by using only colour changes.

This additional transformation can be combined analogously with the rotation shown
in Figure 4a as the operations shown in Figure 4b–d. If a nodep with an up-out request
has a red sibling the child of which has an up-out request, the transformation shown in
Figure 5c settles both up-out requests.

Lemma 1. Given a relaxed balanced red-black tree which does not satisfy the balance
condition for red-black trees, the tree has at least one node at which one of the rebal-
ancing operations shown in Figure 2—Figure 5 can be carried out while preserving the
relaxed balanced red-black tree structure.

Next we observe that any valid sequence of one-step rebalancing operations which
is long enough, will ultimately transform a relaxed balanced red-black tree into a strictly
balanced red-black tree again.

Let p be a node of a relaxed balanced red-black treeT . By '(p) we denote the
parent node ofp in T . Therelaxed black depthof p, rbd(p) is defined by

rbd(p) =

8<
:
rbd('(p)) if p is red
rbd('(p)) + 1 if p is black and has no up-out request
rbd('(p)) + 2 if p is black and has an up-out request

where we setrbd('(root)) := 0. LetR(T ) denote the number of rebalancing requests
in T (i.e. the number of up-in, up-out, and removal requests), and letRD(T ) denote the
sum of all relaxed black depths of nodes inT which have an up-in or an up-out request.

We characterize the balance of a relaxed balanced red-black tree by the tuple(R(T ); RD(T ))
by saying that a relaxed balanced red-black treeT 0 is closer to a red-black treethan
another relaxed balanced red-black treeT , denotedT 0 < T , if in accordance to the lex-
icographic order the tuple(R(T 0); RD(T 0)) is smaller than the tuple(R(T ); RD(T )).
Note that the smallest elements in this relation are red-black trees.

Obviously, the one-step rebalancing operations shown in Figure 2—Figure 5 either
decrease the numberR of rebalancing requests by settling a request or decrease the sum
RD by shifting a request to a node with a lower relaxed black depth. (The relaxed black
depth of nodes in the subtree below are not affected by the transformation.) Therefore,
we obtain

Lemma 2. Let T be a relaxed balanced red-black tree with at least one rebalancing
request, and letT 0 be the relaxed balanced red-black tree that has been obtained from
T by applying one of the one-step rebalancing transformations shown in Figure 2—
Figure 5. ThenT 0 < T .



We get easily an upper bound on the necessary one-step rebalancing operations. One
update operation causes at most one rebalancing request. Such a rebalancing request
is—in accordance to the relaxed black depth—bubbled up in the tree by using only
colour flips until it is finally removed by using a constant number of colour flips and
pointer changes. This leads to the main theorem of this paper:

Theorem 3. LetT be a red-black tree and assume that insertions, deletions and rebal-
ancing transformations (possibly interspersed) are applied toT . Then the number of
structural changes (pointer changes) needed to restore the balance condition isO(i+d)
wherei is the number of insertions andd the number of deletions. The number of colour
changes isO(log(n+ i)) wheren is the size ofT .

We also state the following obvious but important property for relaxed balanced
red-black trees and their update scheme.

Theorem 4. Let T be a red-black tree and assume that insertions, deletions but no
rebalancing transformations are applied toT such that a treeT 0 is obtained. Assume
further thatT 0 has no leaves with (unsettled) removal requests and that the sequence of
updates has not changed the shape of the original tree. ThenT 0 does not contain any
unsettled up-out or up-in requests.

A possible sequence of those updates is a sequence of insertions of keysk1; : : : ; kr
which is followed by a sequence of deletions ofk1; : : : ; kr (or vice versa). Note, that
the relaxed balancing scheme proposed in [12] generates even for such a sequence of
updates a tree which is full of balance conflicts.

The expanded set of one-step rebalancing operations we have obtained by tuning
the basic algorithm for relaxed balancing is essentially the same set of rebalancing
operations proposed by Boyar et al. [3], if we assume that the weight of a node in [3]
is alwaysw � 2, and, whenever a rebalancing transformation is carried out, the nodes
with a lower depth in the vicinity of the handled request always havew � 1. It should
be clear how to adapt this transformations to the general casew � 0 proposed in [3] by
allowing the accumulation of several up-out requests at single nodes and to move up-out
requests from one node to another even if they are not handled by such a transformation.

4 Conclusion

Our aim was to keep the relaxed balancing scheme conceptually as simple as possible.
For this reason we have restricted our presentation to the class of red-black trees.

The basic idea of our relaxed balancing scheme (accumulation of insertions and
deletions and settling them in an arbitrary order, using the same rebalancing operations
as for standard balanced search trees) is applicable to other classes of search trees as
well. The idea is simply to let the tree grow below the original leaves as a random
binary search tree and to mark an original leaf, if it has to be deleted. Then this set
of unsettled updates can be handled just as a sequence of standard updates which are
followed immediately by rebalancing transformations. All what is necessary is to assure



that the postponed updates are settled top-down and no two restructurings interfere at
the same nodes. Of course, this simple scheme has also opened a lot of room for tuning
the individual update algorithms.
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